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Abstract 

The quantum discord and tripartite entanglement are discussed in the presence of an asymp- 
totically flat static black holes. The total correlation, quantum discord and classical correlation 
exhibit decreasing behavior with increasing Hawking temperature. It is shown that the classical 
correlation is less than the quantum discord in the full range of Hawking temperature. The tripar- 
tite entanglements for Greenberger-Horne-Zeilinger and W-states also exhibit decreasing behavior 
with increasing Hawking temperature. At the infinite limit of Hawking temperature the tripar- 
tite entanglements for Greenberger-Horne-Zeilinger and W-states reduce to 52% and 33% of the 
corresponding values in the flat space limit, respectively. 
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I. INTRODUCTION 



Recently much attention is paid to the quantum information theories in the relativistic 



framework 



lMl9| . The most remarkable fact in the inertial frames is the fact that entangle- 



ment of given multipartite quantum state is conserved although the entanglement between 
some degrees of freedom can be transfered to others j^- In non- inertial frames, however, 
the entanglement is in general degraded, which implies that the quantum correlation between 
rest and accelerating observers is reduced more and more with increasing the acceleration jg]. 
The main reason for the reduction of the quantum correlation is that the accelerating ob- 
server located in one Rindler wedge loses an information arising from the other Rindler 
wedge due to the causally disconnected nature between the wedges. This means that some 
quantum information is leaked into other causally disconnected Rindler space, which makes 



the reduction o 
Unruh effect 201 



;he quantum correlation. In fact, this is a main scenario of the well-known 



211 ] . Recently, this Unruh-type decoherence effect beyond the single-mode 



approximation is discussed in the context of the quantum information theories 221 ] . 
More recently, the quan tum entanglement in the black hole background is examined 



23 



241 ]. Especially, in Ref. [23] the Hawking temperature-dependence of the bipartite entangle- 
ment is studied in the arbitrary spherically symmetric and asymptotically flat black hole 



background. The purpose of this paper is to explore the quantum discord 
tripartite entanglement in the same black hole background. 



25 



26] and the 



II. SPACETIME BACKGROUND 



Throughout this paper we use G = c = h = kB = l- The metric we consider in this paper 



is 



ds 2 = f{r)dt 



h(r 



-dr 2 -R 2 {r) (d6 2 + sin 2 6dip 2 ) 



(1) 



where the functions f(r), h(r), and R{r) satisfy /(oo) = h{po) = 1, R(oo) = r, and 
f(rn) = h(rn) = 0. Thus, the line element ([1]) includes the various black holes such 
as Schwarzschild and Reissner-Nordstrom black holes. The Hawking temperature in this 



metric is Tjj = k/2tt, where k is a surface gravity defined as k = a/ / / (r^)/i'(r^)/2. 

As shown in Ref. [23] one can consider three- different vacuum states |0)j n , \0) out , and 
\0)k m this background. First two vacuum states are the Fock vacua inside and outside 



2 



horizon, respectively, and the last one is the Kruskal vacuum outside the event horizon. The 
interrelation between these vacua is 

oo 

|0) K = Vl-e-^H^y™ /2TH \n) in ® \n) out , (2) 

n=0 

where \n) in and \n) out are n-particle states constructed from |0) in and |0) oni by operating 
the corresponding creation operators n times, and u is a frequency of the scalar field. Ap- 
plying the creation operator of the Kruskal spacetime in Eq. (|2j) and using the Bogoliubov 
coefficients, one can construct \1)k, whose expression is 

oo 

\1) K = (1 - e-^ T «) V^+Te-™/ 2T »\n) m ® \n + l) out . (3) 



n=0 



III. QUANTUM DISCORD 

Quantum discord 



25, 



26| is a measure for quantumness of given bipartite quantum state. 
Usually these two parties consist of system and corresponding apparatus. In this paper, 
however, we will call these parties as Alice and Bob. We will examine in this section how 
the quantum discord is changed in the presence of the black hole ([1]). 
We assume that initially Alice and Bob share a entangled state 

|^>Afl = ^(|l>A|0>B+|0>x|l>B) (4) 

in the asymptotic region. After sharing, Bob moves to the near-horizon region with his 
own particle detector while Alice stays in the asymptotic region. Since, then, the Bob's 
detector registers only thermally excited particles due to the Hawking effect, Bob's state 
can be represented by tensor product of the in— and out— states. However, since the inside 
region of the black hole is causally disconnected from Alice and Bob, we have to take a 
partial trace over in— state. Then, the state between Alice and Bob becomes a mixed state 
whose density matrix becomes 

Pab = ~\0)a(0\®M o0 + i|l) A (l|®Mn + ^|0)a<1|®M O i + ^|1}a(0|®M 10 (5) 
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where 



oo 



[l-e-"l T «)Y,e~~™ /TH \n)(n\ 

n=0 

oo 



Mu = (1 - e -" /T «) 2 ^(n + l) e - na;/T " |n + l)(n + 1 

n=0 

oo 

: (i _ e -/^)3/2 £ v^+le-^/^lnXTi + 1| 

n=0 

oo 

: (i _ e -/^)3/2 ^ V^TIe-^/^ln + l)(n|. 



(6) 



Mr 



M 



n=0 



It is worthwhile noting Tr#Moo = Tr^Mn = 1 and Tr^Moi = Tr^Mio = 0. 

Now, we discuss the quantum discord. We assume that Alice performs a projective 
measurement with a complete set of the measurement operators {Ih^}. The usual mutual 
information between Alice and Bob is 



I(A : B) = S(A) + S(B) - S(A, B) 



(7) 



where S denotes the von Neumann entropy S(p) = Tr(plogp). In our paper, all logarithms 
are taken to base 2. The classical analogue of Eq. (j7]) is I c i (A : B) = H(A) + H(B) — 
H(A,B), where H denotes the Shannon entropy. In classical information theories different 
representation of the mutual information is I d (A : B) = H(A)-H{A\B) = H(B)-H(B\A), 
where H(X\Y) is the conditional entropy of X given Y. The quantum analogue of this 



representation 



25] is 



J(A : B) {nf} = S(B) -J2PjS(B\U 



(8) 



where {nj 1 } denotes a complete set of the measurement operators prepared by the party A 
and S(B\U^) is a von Neumann entropy of the party B after the party A has a measurement 
outcome j. Of course, pj is a probabilityfor getting outcome j in the quantum measurement. 



Usual quantum mechanical postulates 



27l | imply 



Pj 



Tr AB {nfp AB Uf) S(B\Uf) = s(^p (B\Uf) ) 



(9) 



where p (B\Uf) = Tr A (U.fp A B^f)/Pj- Unlike I(A : B), therefore, J(A : B) is dependent 
on the complete set of the measurement operators. The quantum discord is defined as 



V(A : B) = min [I (A : B) - J{A : B)\ = min 



S(A)-S(A,B)+J2PjS(B\U< 



, (10) 



where minimum is taken over all possible complete set of the measurement operators 1 . 

Now, we would like to compute the quantum discord in the black hole background. From 
Eq. d5J) it is easy to show that pa = T^bPab is a completely mixed state and 



S(A) = 1. 



(11) 



Also it is easy to show 



S(A,B) = -J2KlogA r , 



n=0 



l + (n + l) {l-e- u,TH ) 



(12) 




20 



FIG. 1: The 6- and Hawking temperature-dependence of I(A : B) — J(A : B). Minimum of 
I(A : B) — J(A : B) occurs at 9 = tt/2 in the full range of Hawking temperature. 



Now, we introduce the complete set of the projective measurement operators {11^,11^} 
with 



I 2 + x ■ a 



LL 2 



Io — x ■ a 



(13) 



1 Although authors in Ref. 25 1 considers the projective measurement, authors in Ref. [26| considers the 
general measurement including POVM. Thus, the latter is the lower bound of the former. 
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In Eq. ([13]) er denotes the Pauli matrix and x\ + x\ + x\ = 1. Then, it is straightforward to 
show pi = p 2 = 1 1 2 and 



p(B\Uf) = \ 



p{B\J$) 



(1 + x 3 )M 00 + (1 - x 3 )M n + (xi + ix 2 )M i + (an - ix 2 )M 10 (14) 

(1 - x 3 )M 00 + (1 + x 3 )M u - (xi + ix 2 )M 01 - ( Xl - ix 2 )M 10 . 

Since it is impossible to compute the eigenvalues of the p(B\Ilf) (j = 1,2), we should 
compute s(p(B\Ilfy^J numerically. One can perform this numerical calculation with 
parametrizing x\ = sin 9 cos 0, x 2 = sin 9 sin <p and x% = cos 9. Then, it is possible to 
show that the eigenvalues of p(B\Ilf) are independent of <fi. 

The (T H /u, ^-dependence of I(A : B) — J(A : B) is plotted in Fig. 1. As this figure 
exhibits, the minimum is occurred at 9 = n/2. Therefore, the quantum discord T>(A : B) is 
obtained from I {A : B) — J(A : B) by letting 9 = tt/2. If we assume that the total correlation 
is a mutual information I(A : B), it is possible to compute the classical correlation C(A : B) 
by 

C(A : B) = I (A : B) - V(A : B). (15) 




Fig. 2 



FIG. 2: The Hawking temperature-dependence of total correlation, quantum discord, and classical 
correlation. All correlations show a decreasing behavior with increasing the temperature and reduce 
to 50%, 60%, and 40% of the corresponding values in the flat space limit at Tjj = oo. 
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In Fig. 2 we plot the Hawking temperature-dependence of the total correlation, quantum 
discord, and classical correlation. As Fig. 2 shows, all correlations exhibit a decreasing 
behavior with increasing T#. In the T# — > limit all correlations approach to the values in 
the absence of the black hole. In the opposite limit, i.e. T# — > oo, I(A : B), T>(A : B), and 
C(A : B) approach to 1.0, 0.6, and 0.4, respectively. The remarkable fact is that the classical 
correlation is less than the quantum discord in the full range of Hawking temperature. 
Similar behavior was derived when the classical correlation and quantum discord sharing of 
Dirac field are discussed in the non-inertial frame [121] . In next section we will discuss on the 



tripartite entanglement in the presence of the black hole ([TJ). 

IV. TRIPARTITE ENTANGLEMENT DEGRADATION 

The most well-known measure for the tripartite entanglement is a three-tangle |28|. Since, 
however, the three-tangle is not defined in the qudit system, we cannot use it because of Eq. 



(J2]) and Eq. fl3]). Thus, instead of the three-tangle, we will use 7r-tangle|29j in this paper as 
a measure of the tripartite entanglement. 

A. Greenberger-Horne-Zeilinger state 

Let Alice, Bob, and Charlie share the Greenberger-Horne-Zeilinger (GHZ) state 

\GHZ) ABC = -±= [|000> + |111>W (16) 

in the asymptotic flat region. If Charlie moves to the near-horizon region with his own 
particle detector, Eq. (jSJ) and Eq. fl3]) with tracing over the Charlie's in-state imply 



\GHZ) ABC (17) 

z/|00n)(00n|+z/ 2 (n + l)|ll(ra+ l))(ll(n+ 1)| 



-> PABC = \ e 



2 



n=0 



+u 3/2 Vn + l\ |00n)(ll(n + l)|+|ll(n + 1))(00 



where v — 1 — e w I Th . Since the Charlie's out-state is a qudit state, it is impossible to 



compute the genuine tripartite entanglement measure called the three-tangle 



28(. As we 
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commented before, therefore, we choose the 7r-tangle[29) as a tripartite measure defined as 



(18) 



due to more tractable computation. In Eq. ( Tl8i) ti a , ttb, and 7Tc are defined by 

where M a {p-y) = \ \Pabc\ \ ~ 1 an< ^ N a p = \ \ (T^-jPabcW ~ 1 with T a being a partial transposition 
over a-state and \\A\\ = Try/ AM . It is easy to show itghz = 1 in the absence of the black 
hole background. 

Now, let us compute the one-tangle Ma(bc)- From Eq. ( 117)) it is easy to show that 
{Pabc) [Pabc) i s a diagonal. Therefore, the eigenvalues of (pabc) (PabcV can ^ e com_ 
putable easily. Since Hp^bcII * s a sum °f sc L uare ro °t of the eigenvalues, one can derive 
Ma{bc)i whose final expression is 

M A{BC) = v 3/2 e» /T »Li_ 1/2 (e^' T ») , (20) 

where Li n (z) is a polylogarithm function defined as 



Li n {z) = 



z z 2 z 3 



oo u 
k=l 



(21) 



Using a property of the polylogarithm function one can show that M A [bc) approaches to 
y / 7r/2 when T H — >■ oo. From a symmetry of the GHZ state it is also easy to show Mb(ac) — 
Na(bc)- 

Now, let us compute the last one-tangle Nc(ab)- Since (pabc) {.Pabc) becomes 

{P T A°BC) {P T A C BC) ] = D + F, 



where D and F are 



D 



1 oo 



n=0 



-2nu)/T H 



i/ 2 |00n)(00n|+z/ 4 (n + l) 2 |ll(n + l))<ll(n + 1)| 
W(n + 1){ |00(n + l))(00(n + l)|+|lln)(lln| 



(22) 



(23) 



1 oo 



-(2n+l)uj/T H 



n=0 



V 



5/2 



|lln)(00(n + l)| + |00(n + l))(lln| 



+is 7/2 (n + l)Vn + 2< |ll(n + l))(00(n + 2)|+|00(n + 2))(ll(n + l)| 
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the off-diagonal part F makes it difficult to compute the eigenvalues of (pabc) (Pabc) • 
However, one can make (pabc) (Pabc) block-diagonal by ordering the basis as 
{|000), |110), |001), |111), |002), |112),---}. Thus, one can compute the eigenvalues of 

. Here, are eigenvalues of 



{Pabc) (PabcV analytically, which are ^ i/ 2 /4, A 
each block given by 



71=0,1,2,- 



A 



± 



-2nu)/T H 



(/4 + 2l/) ± fin y/fl* + 4l 



where fi n = ne UJ l TH v + e ^I Th . Therefore, Mc(ab) reduces to 



C(AB) 



oo 

+ E(v / Al+V / A?)-1- 



(24) 



(25) 



n=0 



Finally, one can show that all two tangles Nab, Nac, an d Nbc are identically zero. 




FIG. 3: The Hawking temperature-dependence of one tangles and ttghz- The 7r-tangle decreases 
with increasing Tjj, and eventually reduces to it/ 6 ~ 0.524 at Tjj = oo. 

The one-tangles and 7r-tangle are plotted in Fig. 3 as a function of Hawking temperature. 
As this figure shows, the 7r-tangle decreases with increasing the Hawking temperature, and 
eventually reduces to 7r/6 ~ 0.524 at Tjj — > oo. At Tjj = the 7r-tangle exactly coincides 
with that in the absence of the black hole. Thus, as expected, the tripartite entanglement 
is degraded when Charlie moves to the near-horizon region from the asymptotic region with 
his own particle detector. 

9 



B. W state 



Let Alice, Bob, and Charlie share the W-state 



30] 



\W)abc = [|001> + |010) + |100)] ABC (26) 

in the asymptotic flat region. It is easy to show that the 7r-tangle for the W-state is n w = 
4(\/5 — l)/9 ~ 0.55 in the flat space limit. 

By following similar calculation to the case of GHZ state, one can compute the Hawking 
temperature-dependence of nw m the presence of the black hole background. We do not want 
to repeat the computational procedure again in this paper. Instead, we present Fig. 4, which 
shows one-tangles, two-tangles, and as a function of Hawking temperature. In Fig. 4 (a) 
we plot the one- and two-tangles. All tangles exhibit decreasing behavior with increasing 
Hawking temperature except Nab, which is independent of T#. At T# — > oo Na(bc) and 
Nb(ac) approaches to 0.659 while Nc(ab) has a vanishing limit. The remarkable fact is 
that the two-tangles Mac and Nbc becomes abruptly zero in the region T# > 1.45a;. This 
reminds us of the concurrence, one of the bipartite entanglement measure. In Fig. 4 (b) 
we plot itw as a function of Tjj. At Tjj = nw in the flat space is recovered. However, it 
exhibits a decreasing behavior with increasing T H , and eventually reduces to 0.18 at T H = oo 
limit. 




FIG. 4: (a) The Hawking temperature-dependence of one- and two-tangles, (b) The Hawking 
temperature-dependence of tvw As a case of GHZ state ttw decreases with increasing the temper- 
ature, and eventually reduces to 0.18 at Tjj = oo. 
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V. CONCLUSION 



In this paper we discussed the quantum discord and tripartite entanglement in the pres- 
ence of the asymptotically flat static black holes. Both the quantum discord and the tripar- 
tite entanglement exhibit decreasing behavior with increasing Hawking temperature. This 
implies that the presence of the black holes reduces the quantum correlation when one party 
moves from asymptotic to near-horizon regions with his (or her) own particle detector. 

Although we have not commented here, the tripartite entanglement of Alice, Bob, and 
Charlie's in state (or AntiCharlie) does not completely vanish. Probably, this fact implies 
that some quantum information processes can be performed partially across the black hole 
horizon. To confirm this it seems to be important to compute the teleportation fidelity by 
making use of the tripartite teleportation scheme 



31 



321 ] . If the tripartite teleportation is 
possible, even if incompletely, across the horizon, what this means in the context of causality? 
The answer may be important in the context of quantum gravity. We would like to explore 
this issue in the future. 
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